Radii of Starlikeness Associated with the Lemniscate 
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Abstract. A normalized analytic function / defined on the open unit disk in the com- 
plex plane is in the class SC if zf'{z)/f(z) lies in the region bounded by the right-half of 
the lemniscate of Bernoulli given by jw^ — 1| < 1. In the present investigation, the SC- 
radii for certain well-known classes of functions are obtained. Radius problems associated 
with the left-half plane are also investigated for these classes. 



1. Introduction 



Let An denote the class of analytic functions in the unit disk D:={z: |z|<l}of the 
form f{z) = ^ + ^fc=„+i O'kz'', and let A := Ai. Let S denote the subclass of A consisting 
of univalent functions. Let SC he the class of functions defined by 



SC 



feA: 



1 



< 1 



Thus a function / G SC if zf'{z)/f{z) lies in the region bounded by the right-half of the 
lemniscate of Bernoulli given by Iti?^ — 1| < 1. For two functions / and g analytic in ©, 
the function / is said to be subordinate to g, written f{z) -< g{z) {z G ©), if there exists 
a function w analytic in D with w{0) = and < 1 such that f{z) = g{w{z)). In 

particular, if the function g is univalent in D, then f{z) -< g{z) is equivalent to /(O) = g{0) 
and /(ID)) C fi'(D). In terms of subordination, the class SC consists of normalized analytic 
functions / satisfying zf'{z)/f{z) -< y/1 + z. This class SC was introduced by Sokol 
and Stankiewicz |20] . Paprocki and Sokol [TU] discussed a more general class S*{a,b) 
consisting of normalized analytic functions / satisfying \[z f (z) / f (z)]"" — b\ < b, b > ^, 
a > 1. 

Recall that a function / G ^ is starlike if /(©) is starlike with respect to 0. Similarly, 
a function / G ^ is convex if /(©) is convex. Analytically, a function / G ^ is starlike or 
convex if the following respective subordinations hold: 



zf'jz) 



-< 



l + z 



or 1 -|- 



zf"{z) 1 + z 



-< 
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Ma and Minda [6] gave a unified presentation of various subclasses of starlike and 
convex functions by replacing the superordinate function {1 + z)/{l — z) hj a more general 
function (p. They considered analytic functions (p with positive real part that map the 
unit disk D onto regions starlike with respect to 1, symmetric with respect to the real axis 
and normalized by v^(0) = 1. They introduced the following classes that include several 
well-known classes as special cases: 



and 

CV{^) ■.= {feA 

For < a < 1, 



ST{a) := ST{{1 + (1 - 2a)z)/{l - z)), CV{a) := CV((1 + (1 - 2a)z)/{l - z)) 

are the subclasses of S consisting of starlike and convex functions of order a in D respec- 
tively. Then ST := iST(O), CV := CV(0) are the well-known classes of starlike and convex 
functions respectively. Also let 

STn{.a) := An n Sr{a), CV„(a) := An n CV{a), SC^ := An n SC. 



Since SC = ST{\/1 + z), distortion, growth, and rotation results for the class SC can 
conveniently be obtained by applying the corresponding results in [B]. 

The radius of a property P in a set of functions Ai, denoted by Rp{M.), is the 
largest number R such that every function in the set A4 has the property P in each disk 
B>r = {z E B> : \z\ < r} for every r < R. For example, the radius of convexity in the class 
5 is 2 — \/3- Sokol and Stankiewicz [20j determined the radius of convexity for functions 
in the class SC They have also obtained structural formula, growth and distortion 
theorems for these functions. Estimates for the first few coefficients of functions in this 
class can be found in |21] . Recently, Sokol |22] determined various radii for functions 
belonging to the class SC; these include the radii of convexity, starlikeness and strong 
starlikeness of order a. In contrast, in our present investigation, we compute the SC- 
radius for functions belonging to several interesting classes. Unlike the radii problems 
associated with starlikeness and convexity, where a central feature is the estimates for the 
real part of the expressions zf'{z)/f{z) or 1 + zf"{z)/ f'{z) respectively, the 5£-radius 
problems for classes of functions are tackled by first finding the disk that contains the 
values of zf'{z)/f{z) or 1 + zf"{z)/ f'{z). This technical result will be presented in the 
next section. 

Another interesting class is A^(/3), f3 < 1, defined by 

Mi^) := if EA:Re f^Tvl < Z^' ^ ^ ^ 



The class M.{(3) was investigated by Uralegaddi et al. |23] . while its subclass was in- 
vestigated by Owa and Srivastava [9]. We let A^„(/3) := An fl A^(/3). In the present 
paper, radius problems related to M.{I3) will also be investigated. Related radius problem 
for this class can be found in [1] and [11] . The following definitions and results will be 
required. 
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An analytic function p{z) = 1 + c„2;" + ■ ■ ■ is a function with positive real part if 
Rep{z) > 0. The class of all such functions is denoted by P„ . We also denote the subclass 
of Vn satisfying Rep{z) > a, < a < 1, by Vn{c(). More generally, for — 1 < i? < A < 1, 
the class Vn[-A, B] consists of functions p of the form p{z) = 1 + CnZ'^ + ■ ■ ■ satisfying 

, , 1 + Az 
p{z) -< 



1 + Bz 



Lemma 1.1. ^ If p E Vn, then 

zp'{z) 



p{z) 



< 



2nr"' 



1 — r 



2n 



{\z\ = r < 1). 



Lemma 1.2. [12j If p e Pn[A,B], then 



p{z) 



1 - A5r2« 

In particular, if p E Pn{oi), then 

1 + (1 - 2a)r2" 



< 



{A - 5)r" 

\ _ Q2j,2n 



p{z) 



1 — r 



2n 



< 



2(1 - a)r" 



1 — r 



2n 



\z\=r < 1). 



\z\ = r < I). 



2. The 5£„-Radius Problems 

In this section, three special classes of functions will be considered. First is the class 



5„ := |/ G A : ^ G Vn 

For this class, we shall find its 5£„-radius, denoted by RscS^n)- 
Theorem 2.1. The SCn-radius for the class Sn is 

l/n 

I - 1 I 



^ + \A' + (V2-1)2 



This radius is sharp. 

Proof. Define the function h by 



h{z) 



Then the function h G P„ and 



zf'{z) zh'jz) 
f{z) h{z) 



Applying Lemma 11.11 to the function h yields 

zf\z) 



< 



2nr^' 
1 — r 



2n ' 
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Notice that if |w - 1| < -^2 - 1, then |w + 1| < \/2 + 1 and hence \w'^ - 1| < 1. Thus the 
above disk hes inside the lemniscate \w'^ — 1\ <l\l 

2""" <^-l. 



Solving this inequahty for r yields the desired »S£„-radius for the class »S„. 
Now consider the function / defined by 

Clearly the function / satisfies the hypothesis of the theorem and 

^ = 1 + 



f{z) l-^2n- 

At z = R where R is the (S£„-radius for the class Sn given in the theorem, routine 
computations show that 

m ) 

This proves that the result is sharp. I 

The following technical lemma will be useful in our subsequent investigations. 
Lemma 2.2. For < a < let Va he given by 

{VT^ - (1 - a^)) (0 < a < 2V2/S) 
V2-a (2v^/3 < a < V^), 

and for a > 0, let Ra he given by 

'V2-a {0<a<l/V2) 
a (1/^2 < a). 



Ra — 

Then 



{w : |w — a| < ra} {w : \w — 1| < 1} C {w : |w — a| < 
Proof. The equation of the lemniscate of Bernoulli is 

and the parametric equations of its right-half is given by 

•\/2cost , , \/2sintcost / tt tt\ 

^W = T— -TT, yit)= 1^-2, , (-^<t<-). 

1 + sm t 1 + sm t \ 2 2 J 

The square of the distance from the point (a, 0) to the points on the lemniscate is given 

by 

z{t)^{a-x{t)f^{y{t)f 

2 2(cos^ t — \/2a cos t) 
1 + sm^ t 
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and its derivative is 

, _ (-4:C0st + V2a{2 + cos^ t)) sint 
' = (l + sin^t)^ ■ 

Clearly z'{t) = if and only if 

t — or cosi= ^ -. 

a 

Note that for a > 1, the numbers \/2(l ± \/l — a'^)/a are complex and for < a < 1, 
the number V2{1 + Vl — a'^)/a > 1. For < a < 1, the number V2{1 — \/\ — a^)/a lies 
between -1 and 1 if and only if < a < 2-\/2/3. 

Let us first assume that < a < 2-\/2/3 and t — tohe given by 

^ x/2(l - ^/T^) 

COSIo = . 

a 

Since 

min{z(7r/2), ^(-7r/2), z(0), z(io)} = z{h), 
it follows that min z{t) — ■\/ z{tQ) . A calculation shows that 

z{tQ) = \/l-a2-(l-a^). 

Hence 



Ta = min ^/ z{t) = y Vl — ~ (1 ~ ct^). 

Let us next assume that 2-\/2/3 < a < -\/2. In this case, 

min{z(7r/2),z(-7r/2),z(0)} = z(0), 

and thus z{t) attains its minimum value at t = and 

Ta = min ^/ z{t) = \Pi — a. 

Now consider < a < 1/ V2 and t — to he given by 

^ ^2(1 - v^T^) 

COSIo = . 

a 

It is easy to see that 

max{z(7r/2), z(-7r/2), ^(0), z{to)} = z{0), 

and thus 



it!a = max \/ z{t) ~ \Pi — a. 

Similarly, for a > 1/ \/2, 

max{^(7r/2),^(-7r/2),^(0)} = z{7r/2), 

and hence 

Ra — max ^/ z{t) — a. 
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Now consider the subclass CSn{a) consisting of close-to-starlike functions of type a 
defined by 

/ 



CSnia) := U e An-. - ePn, ge sr„{a) 

I 9 

The 5£„-radius for this class is given in the following theorem. 
Theorem 2.3. The SCn-radius for the class CiS„(a) is given by 

RscACSnia)) ' 



l/n 



This radius is sharp. 

Proof. Let g he a starlike function of order a with h{z) = f{z)/g{z) G Vn- Then 
zg'{z)/g{z) is in and from Lemma [1. 2 [ 

^2.^) ^g'jz) 1 + (1 - 2ay^ ^ 

Applying Lemma [1.11 yields 

(2.2) 

Now 
(2.3) 



1 — r 



2n 



2 1 - a 



1 — r 



2n 



zh'{z) 



h{z) 



< 



2nr" 



1 — r 



2n ■ 



zf{z) zg'jz) ^ zh'jz) 



and using fl2.ip - fl2.3p . it follows that 



< 



h{z) ' 
2(l + n-a)r" 



1 — r 



2n 



f{z) 1 - r2« 

Since the center of the disk in f l2.4p is greater than 1, from Lemma [221 it is seen that the 
points w are inside the lemniscate — 1| < 1 if 

1 + (1 - 2a)r2" 



2(l + n-a)r" 



< V2- 



^2?! — ]^ ^2n 

The last inequality reduces to (1 - 2a + y/2)r'^"- + 2{l+n- a)r" - (a/2 - 1) < 0. Solving 
this latter inequality results in the value of i? = Rsc„{C<Sn{ci))- 
The function / given by 

= <^ + 

satisfies the hypothesis of Theorem 12.31 with (^(z) = z/(l — ^"■){2-2a)/n_ jg g^gy see 
that, iox z = R = Rsc„{CSn{a)), 



This shows that the result is sharp. 



[1 + (1 - 2a)i?2" + 2(1 + n - a)R 



7112 



:i - i?2 



n^2 
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For — l<i?<y4<l, define the class 

STn[A,B] := |/ G An : G Vn[A,B] 

This is the well-known class of Janowski starlike functions. For this class, we have the 
following results. 

Theorem 2.4. Let -I < B < A < I and either (i) I + A < a/2(1 + B) and 2a/2(1 - 
B^) < 3(1 - AB) < 3^2 (1 - B^), or (ii) {A - B){1 - B^) + (1 - B'^f < (1 - 
B^)^{1 - 52) - (1 - ABY+(l-ABf and2y/2{l-B^) > 3{1-AB). ThenSTn[A,B] C 

SCn- 

Proof. Since G Pn[A,B], Lemma fL2] gives 



(2.5) 



fiz) 



1-AB 



1 - B^ 



< 



A-B 



52 



(|.|<1). 



Let a = (1 — AB)/{1 — B'^), and suppose the two conditions in (i) hold. By multiplying 
the inequality 1 + A < \/2(l + B) by the positive constant 1 — B and rewriting, it is seen 
that the given inequality is equivalent to A — B < \/2{l — B^) — (1 — AB). A division 
by 1 — i?^ shows that the condition 1 + A < a/2(1 + B) is equivalent to the condition 
{A - B)/{1 - B^) < V2 - a. Similarly, the condition 2\/2(l - S^) < 3(1 - AB) < 
3^2(1 - 52) is equivalent to 2^2/3 < a < In view of these equivalences, it follows 
from fl2.5p that the quantity w = zf'(z) / f{z) lies in the disk |w— a| < where = a/2— a. 



Since 2^2/3 < a < 72 and 



w 



a I < Ta, Lemma 



shows that Iw"^ — 11 < 1 or 



zf'iz) 
f{z) 



1 



< 1. 



This proves that / G SCn- The proof is similar if the conditions in (ii) hold, and is 
therefore omitted. I 

Theorem 2.5. Let —1<B<A<1, with B < 0. Then the SCn-radius for the class 

Srn[A,B] IS 

( / , ^ , \ ^\ 



Rsu (5r„[A5]) = min 



2(v^-i; 



V 



(A - 5) + \ {A - BY + 4(v^5 - A)B[^pl - 1) 



In 'particular, z/ 1 + A < -\/2(l + B), then 5Tn[^, B\ C SLn- Also the SC-radius for the 
class consisting of starlike functions is 3 — 2\/2. 



Proof. Since G Pn[A,B], Lemma O yields 



zf'{z) 1 - ABr 



2n 



f{z) 



< 



Since 5 < 0, it follows that 



- A5r2" 



{A - B)r'^ 



1 - 52r 



2r2n 



> 1. 
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Using Lemma [221 the function / satisfies 
provided 



{A - 5)r" 1 - ASr^" 

that is, 

{^/2B - A)Br'^'' + 5)r" - (^2 - 1) < 0. 

Solving the inequahty, we get r < RsCn ('5T„[v4, B]). The result is sharp for the function 
given by f{z) = z{l + Bz^)~^ for i? 7^ and f{z) = zexp{Az^/n) for 5 = 0. Such 
function / satisfies the equation zf'{z)/f{z) = (1 + Az^)/{1 + Bz"'), and therefore the 
function / G 5r„[ A 5]- I 

Theorem 2.6. Assume that f E STn[A, B] and < B < A < 1. Let Ri be given by 

^ \{2V2B -3A)B ^ 

and let R2 be the number Rsc„ {<STn[A, B]) as given in Theorem \2.5\ Let R^ be the largest 
number in (0, 1] such that 



{A - 5)r"(l - fiV^") + (1 - - (1 - A5r2")2 - ^(1 - B^r^^f - (1 - ABr^^f < 

for all < r < R3. Then the SCn-radius for the class STn[A, B] is given by 



Rsc„ iSTnlAB]) 



R2 {R2 ^ Ri) 
R3 {R2 > Ri)- 



Proof. From the proof of the previous theorem, it easy to see that the quantity 
w = zf'{z)/f{z) lies in the disk \w — a\ < R where 

1 - A5r2" ^ (A- By 
a '■= ^ , R 



I _ Q2j.2n ' ]^ _ J^2j.2n ' 

Let us first assume that R2 < Ri where Ri,R2 are as defined in the statement of the 
theorem. In this case, r < i?i if and only if a > 2\/2/3 and in particular, for < r < R2, 
we have a > 2\/2/3. Lemma 12.21 shows that / G iS£„ in |z| < r a R < y/2 — a or 
equivalently if r < R2. 

Let us now assume that R2 > Ri- In this case, r > i?i if and only if a < 2v^/3 and 
in particular for r > i?2, we have a < 2v^/3. Lemma [2.21 shows that / G SCn in \z\ < r 

1 /2 

if i? < (v^ — — (1 — a^)) or equivalently if r < R3. The sharpness follows because 
w = zf'{z)/ f{z) with 2; G D fills the entire disk |tf — a| < R where a and R are as given 
above. I 
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3. The A^„(/3)-Radius Problems 

In this section, we compute the A^„(/3)-radii for the classes Sn and CSn{(y)- 
Theorem 3.1. The A4.n{fi)-™dius of functions in Sn is given by 



R 



/3 



n+^n^ + {f3~ 1)2 



l/n 



Proof. Since h{z) = f{z)/z G Vn, Lemma fTTTl yields 



zf'iz) 


- 1 




zh'{z) 






h{z) 



< 



1 — r 



2n 



Therefore 



Re 



zf'{z) 1 + 2nr" - r^" 



< 



2n 



for r < RM„{i3)iSn). 

The result is sharp for the function 



1 — r 



z{l + z'- 
1-2" 



</3 



which satisfies the hypothesis of Theorem 13.11 

For the class CSrXci)-, the following radius is obtained. 

Theorem 3.2. The M-ni^f^) -radius of functions in CSn{c() is given by 

/3-1 



{l + n-a) + ,/{l + n- a)^ + (/3 - 1)(1 + /3 - 2a) ' 
Proof. Define the function h by 



Then h G Vn and by Lemma [1. 11 
(3.1) 



zh\z) 



Hz) 



< 



2nr^ 



1 — r 



2n ■ 



Since g G iSTn(a), it follows that zg'{z)/g{z) is in P„(a) and therefore, by Lemma 



(3.2) 
Since 



zg'{z) 1 + (1 - 2a)r 



2n 



1 — r 



2n 



< 



2(1 -a)r" 



^2n 



z/'(2) zg'jz) ^ zh'jz) 



in view of (13. ip and (13. 2p . it is seen that 

zf{z) 1 + (1 - 2a)r2" 



1 — r 



2n 



< 



2(1 + n - aY' 



-,211 
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This represents a circular disk intersecting the real axis at 

1 - 2(1 + n - a)r" + (1 - 2a)r2'^ , 1 + 2(1 + n - a)r" + (1 - 2a)r2" 

Xq = and xi 



and therefore 



for r < R. 

The function 



^ zf'{z) l + 2(l + n-a)r" + (l-2a)r2" 

^'7W- 



z(l + z'' 



[\ _ ^nyn+2-2a)/n 



satisfies the hypothesis of Theorem 13.21 with 



[\ — ^ny2-2a)/ra ' 

Since 

zf\z) _ 1 + 2(1 + n - + (1 - 2a)z2" 
f{z) ~ 1 - 

for z = i? = RMn{ii)iCS n{a)) , the result is sharp. I 
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